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We describea generalmethod of calculating the fully differential crosssection for the
productionof jets at next-to-leadingorder in a hadroncollider. This method is basedon
a “crossing” of next-to-leadingorder calculationswith all partons in the final state.The
method introducesuniversalcrossingfunctions that allow a modularapproachto next-to-
leadingorder calculationsfor any processwith initial statepartons.Thesetechniquesare
applied to the production of jets in associationwith a vectorboson including all decay
correlationsof the final stateobservables.

1. Introduction

Oneof themoststriking featuresof hadroniceventsis theappearanceof “jets”
of hadrons.By use of a suitableexperimentaljet algorithm, the hadronicdata
may be organizedinto final statescontaininga definite numberof jets. This
definesthe topologicalstructureof the eventfor agivenjet algorithm.Different
jet algorithmsor jet definingcuts can leadto a differentnumberof jets being
observedin agivenevent.As a result,jet crosssectionsdependon theprocedure
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usedto definean experimentaljet. Nevertheless,at the experimentallevel, ajet
is a perfectly well definedquantitysince for a given jet algorithm eachevent
containsa preciselydeterminednumberofjets.

Fromthetheoreticalpointof view, thejet algorithmplaysanimportantrole in
selectinghigh momentumtransfereventsin which thesoft radiationis removed
by a cuton theminimaltransverseenergyof thejet.At thesametime, individual
hadronbehavioris averagedout by replacingall hadronswithin a coneof a
given size by a singlejet axisandjet energy.Becausethe hadronicinformation
is averagedout, we can relatethe hadronicjet axisandenergyobservedin the
experimentto ajet axisandenergyconstructedfrom a partonshowercalculated
within perturbativeVQCD . Thejet axis andenergyobtainedfrom the hadronic
showerarethus modelledby the jet axis andenergyobtainedfrom the parton
shower.This is aweakform of theparton—hadronduality theorem[1]. Ofcourse,
non-perturbativehadronizationeffectsarenot predictedby perturbativeQCD.
Similarly, the contributionsfrom the underlyingevent (at hadroncolliders)are
not included.“Sensible”jet algorithmsminimize theseeffectsandallow a more
directcomparisonbetweentheoryandexperiment.

More precisetheoreticalpredictionsof jet crosssectionsarepotentiallyvalu-
able sincenewphysicsis oftenevidentin eventscontaininga specific numberof
jets. ThecorrespondingQCD backgroundis thenthe exclusivejet crosssection
containingthe samenumberofjets.Forexample,the signal to backgroundratio
for the top quark in the lepton + jetschannelis improvedby demandingthat
morejets beobserved[2].

The lowestordermatrix elementsfor the two mostprominentprocessescon-
tainingjets at hadroncolliders,

p~—~ n1 jets, (1.1)

p —. W~Z+ n2jets, (1.2)

havebeencomputedfor n1 s~5 [3] and n2 ~ 4 [4] by making useof helicity
amplitudes [5], colordecompositions[6—8]and recursionrelations [9,101 to
control therapid increasein the numberof Feynmandiagramsasthe numberof
partonsinvolved grows. The jet crosssectionis thenobtainedby Monte Carlo
integrationof the phasespaceof the final statepartons.This approachallows
anyexperimentaljet algorithmandacceptanceto be applied,andonecan study
any distributiondependingon thejet observables.It is importantto notethat
at leadingorder, thejet is modelledby a single parton.Thejet definingcutsare
applied to this lone partonandthe parton’sdirection andenergydescribethe
jet’s axisandenergy~‘.

Comparisonsof lowest orderQCD predictionsof jet distributionswith the
* Including higher orderswould give contributionswhere this parton hasgenerateda “shower”;

thejet clusteringwill nonethelessreconstructclosely the leadingorderestimateof theJetaxis and
energy (assumingan ideal detector),asa consequenceof energy—momentumconservation.
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datahaveprovedreasonable,bearingin mindthe fact thatoneis comparinga
theoreticalperturbativecalculationwith hadronicdata.Generally,the shapesof
infraredsafedistributionsarewell predictedwhile the overall normalizationis
uncertain,dueto a dependenceon the unphysicalrenormalizationandfactor-
izationscalesPR andPF [11].

The addition of next-to-leadingordereffects producesthreeimportant im-
provementsovera leadingordercalculation. First, the dependenceon the un-
physicalscalesPR andPr is reducedsothat the normalizationis morecertain.
Second,webeginto reconstructthepartonshower.Thismeansthattwo partons
may combineto form a single jet. As a result, jet crosssectionsbecomesen-
sitive to the detailsof the jet-finding algorithm, particularlythe way in which
the hadronsarecombinedto form the jet axisandenergy,andto the size of a
jet cone.Thissensitivity is alsoseenin experimentalresults.Third, the calcula-
tion becomesmoresensitiveto detectorlimitations, becauseradiationoutside
the detectoris simulated.This can changeleadingorderresultsconsiderablyfor
quantitiessuchasthe missingtransverseenergyin eventscontainingaW-boson.

Froma moretheoreticalpointof view, the presenceof infraredlogarithmsin
a genericperturbativeQCD prediction implies that the expansionof physical
quantitiesis not strictly a seriesin thecouplingconstants~,but is ratheraseries
in xsln YIR andc~slnyIR(as well as ~ alone),whereYIR is an experimental
resolution (for example,the minimumjet invariant massin ee+ collisions).
Thus evenin the perturbativeregime, the leadingorderresult—wherethe size
of theselogarithms is uncalculated—suffersfrom potentially largecorrections
which might spoil the applicability of perturbativeQCD. In a next-to-leading
ordercalculation, theselogarithmsare calculatedexplicitly, andthus one re-
gains confidencein the applicability of the perturbativeexpansion.From this
purist’s point of view, a next-to-leadingordercalculationis necessaryin order
to understandwhethera leadingorderresult is trustworthy.

At next-to-leadingorder, the n-jet crosssectionreceivescontributionsfrom
virtual correctionsto n-parton,andfrom realcorrectionsin theform of (n + 1)-
parton final states.Both contributionsaredivergent.The matrix elementsfor
the virtual diagramsareinfrareddivergent,while the real (n + 1 )-partonmatrix
elementsarewell defined.However,whenthe (n + 1 )-partonmatrix elements
areintegratedoverthe allowedregionsof phasespaceaninfrared-divergentcross
section is obtained.This comesaboutbecausethe jet algorithmallows oneof
the partonsto be soft, or for two partonswithin ajet coneto be collinear.

In order to cancelthesedivergencesexplicitly, it is convenientto divide the
(n + 1 )-partonphasespaceinto regionswhere (n + 1 )-partonsare“resolved”
andregionswhereonly n-partonsare“resolved” [l2_14]*. For example,if the

* Note that this approachis different from that describedin refs. [15—17]andwe refer the reader

to the introductionofref. [161 for a lucid explanationof the differencebetweenthe two methods.
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invariant massof two partons,s,~,is smallerthansometheoreticalparton reso-
lution parameter5min only onepartonis resolved,while ifs

11 > Smjn bothpartons
are resolved.All of the divergencesfrom the (n + 1 )-partonfinal stateseparate
andareassociatedwith the regionswhereonly n-partonsareresolved.Thesedi-
vergencescan becancelleddirectlyagainstthevirtual correctionsto then-parton
crosssection.With sucha physicalpicture* it is straightforwardto extendthis
methodto dealwith any numberof partonsin the final state.Indeed,using a
colordecompositionof the amplitude,onecan write down a simplesoft factor-
ization [18] for the sub-amplitudes,which in turn allows the constructionof
a universalset of functionssummarizingthe softandcollinearbehaviorof the
matrix elementof anycoloredparticles,bothbefore andafter the cancellation
of infrareddivergencesdescribedabove.Recently,we havedescribedhowthis
schememay be applied to multijet cross sectionsin ee+ annihilation [141.
This caseis ratherspecialsince therecan be no QCD radiation in the initial
stateandall divergencesthereforeresidein thefinal state.In the paper,we wish
to extendthis methodto processeswhich involve partonsin the initial state.

In section2, we showhowto setup thenext-to-leadingordercalculationof the
matrix elementsfor ee+ —+ ii partonsandhow they maybe “crossed”to give
the crosssectionfor p~5—* V + (n —2) partonswhere V = W~,~, Z. In order
to do this it is convenientto introduce (in addition to the universal soft and
collinearfunctionsmentionedabove)a setof universalcrossingfunctionswhich
multiply the lowestordercrosssection.Thesecrossingfunctionsareessentially
convolutionsof the input structurefunctionswith the Altarelli—Parisi splitting
functions. Section 3 dealswith the derivationof the crossingfunctionswhich
enableusto crossfinal statepartonsto theinitial state.In section4, weconstruct
explicit Monte Carloprogramsfor

p~ V + 0,1 jets /t’ + 0,1 jets, (1.3)

at next-to-leadingorder. Thejet algorithmmay then be applieddirectly to the
n- and (n + 1 )-parton final states.All dependenceon the unphysicalparton
resolutionparameter

5mjfl cancelsnumerically . The crosssection is fully differ-
ential in all jet and leptonobservablesand thereforediffers from calculations
of the W transversemomentumdistribution at O(s~)[19,20] or of the single
jet inclusivetransversemomentumdistribution at 0 (we) [13,21]. Equivalent
techniqueshavebeenappliedto pj5 —p w~+ 0 jets [22] and p~5—~ 2 jets [23]
at next-to-leadingorder. Finally, we summarizeour resultsin section5.

* Although the parton resolutionparameteris unphysicalbecausepartonsare not directly observ-

able,this conceptparallelsthe way in which a calorimeterresolvesphysical particles.
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2. Calculationalorganization

In this sectionwe givea generaloverviewof the mannerin which the calcula-
tionissetup,withoutgoinginto details,whichwe shallpresentin subsequentsec-
tions. The organizationminimizesthe computationaleffort while retainingthe
standardMS prescription [24]. For example, the cumbersomed-dimensional
squaringof the matrix elementsis avoided.Furthermore,the introductionof
universalcrossingfunctionswill allow us to obtainthe initial statepartoncross
sectionsfrom the all-outgoingcrosssection.Thesetechniquesdependcrucially
on the universalityof the QCD soft andcollinearradiationpatterns.

An efficient way of organizingnext-to-leadingordercalculationsfor all-outgo-
ing partonprocesseswas givenin ref. [141.The basisof this methodis theuse
of orderedamplitudesassociatedwith eachcolor structureratherthan the full
matrix element.For example,let usconsiderthe decayof a vectorbosoninto a
quark—antiquarkpairwith n accompanyinggluons.The full squaredamplitude
is obtainedby summingthe squaredorderedamplitudesover all permutations
of the gluons [6—8],

q~+ ng)~2 ~ A(q;g
1,... ,g~~)~

2. (2.1)
Perm.

For simplicity, we keeponly thetermsatleadingorderin the numberof colors.
Seesection4 for a full discussionof thesubleadingterms.Ofcrucial importance
is the fact that the orderedamplitudesexhibit QED-like factorization [25] in
the softandcollinearlimits [18]. This formsthebasisof our methodandallows
the integrationover the singular (or unresolved)partsof phasespacewithout
calculatingthe hardmatrix elementexplicitly,

I , , / —, 2

J dPso~Ico
11jnearA(q ;g,,... ,g0~1q)~

R(q;g,,... ,gn;~smin)A(q;g,,... ,gn;~H~, (2.2)

wherethe soft andcollinearregionsof phasespaceare definedby the invari-
ant masscut Smjn. At this point everythingis donein an arbitrarynumberof
dimensions [26,27]. However, we neverhaveto calculatethe hardamplitude
squaredexplicitly sincethis result is obtainedwithout anydetailedknowledge
of the hardprocess.The next step is to calculatethe virtual correctionsto the
squaredmatrixelements,whichhavethe genericform,

Mv(V q~+ ng)~~= ~ V(q;g,,... ,gn;~) IA(q;g,,... ,gn;~)~
2

Perm.

+F(q;g
1,... ~ (2.3)

whereV (q; g,,... , g~~) is the singularpart proportionalto the tree level or-
dered amplitudeandF(q;g1,... ,g~~)is the remainingfinite contribution.
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This can be immediatelycombinedwith the unresolvedphasespacecontribu-
tion eq. (2.2) to give the finite next-to-leadingordersquaredmatrix elements,

q~+ ng~~ ~ ( [1 + ~]~A(q;g
1,... ,gn;~~

2
Perm.

+F(q;g
1 gn;~)). (2.4)

Note thatdueto the Kinoshita—Lee—Nauenberg[28,29] theoremthe combina-
tion of the phasespacefactor andthe virtual factor, AC = R + V, is finite. As
a direct consequencewe can now perform the squaringandsummationover
the polarizationsin four dimensionsusing the standardtechniquesdeveloped
for evaluatingcomplicatedtreelevel amplitudes(helicities [5] andrecurrence
relations [9]). While V can be calculatedin a processindependentmanner
[14], the finite remainder of the virtual correction F needs to be calculated on
a process-by-processbasis.The generalstructureis processindependent,andit
is in this sense that the IC factor is universal.

In order to generalizethe frameworkabove,usedin e~e+collisions, to had-
ronic collisions,we must include initial statepartonsin the calculation.One
usefulproperty of lowest ordermatrix elementsis thatof “crossing”. In other
words,the matrixelementsfor V —~ qZj + n g are related to those for the crossed
processes

—~ V + n g,

qg . V + q + (n —1) g,

V + q + (n —1) g,

gg —* V + q~j+ (n —2) g, (2.5)

by reversal of the momentum and helicity of the crossed particles. The fully
differential cross section at leading order in the collision of hadrons H, andH2,

H, + H2 —~ V + npartons, (2.6)

is

dUHH2 = ~fHl (x1 )fb 2(x2)di’7L6O(xl x2)dx1 dx2. (2.7)

Here fa’~(X) is the probability densityof finding parton a in hadronH with
momentumfractionx and,

d~°(x,,x2) = ~ Ma~
2 dP(ab V + npartons), (2.8)

2 Sab

where 1a6 is theappropriatespin andcoloraveragingfactoranddPthe V + n-
partonphasespacewhereall partonpairssatisfys~

1>
5mjfl• The matrix elements

for ab —* V + n partonsaredenotedMab~2andare relatedby crossingto Mv~2,
eq. (2.1).
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We havealreadydiscussedhowthe next-to-leadingordermatrix elementsfor
e~e+ n partonscanbe written in an explicitly finite way using the parton
resolutionparameter5mifl• We now wish to extendthis to processesinvolving
partonsin the initial statewhile maintainingthe crossingpropertiesof lowest
order.In orderto achievethis, the next-to-leadingorderhadroniccrosssection
must be defined by

daHIH
2 = ~F~(x,)F~J2(x2)da~O(x,,x2) dx,dx2, (2.9)

where F~”is the “effective” next-to-leadingorderstructurefunctionandda~
1°

the “crossed” analog of the finite next-to-leadingorderpartoniccrosssection.
This cross section can be expanded as a series in the coupling constant,

da~°= di7.~~
5°+ (t5di5i’1~°+ O(rt~), (2.10)

where we have extracted the coupling constant from the finite crossed matrix

elements. Note that rt~ is evaluated at the renormalization scalePR. Similarly,
after mass factorization, the effective structure function F~”may be written as

F~’(x) = fj’(X,PF) + (tsC~”(X,PF) + O(rt~), (2.11)

where Pr is the factorization scale.Both ,faH(X,PF) and the crossing function
Ca” (x, PF) arefinite. Onceagaincv5 is evaluatedat the renormalizationscale.In
principleonecouldevaluatecs5 atthemassfactorization scale, however, provided

a~log (~U
2R/P2F)<< 1, the difference is of 0 (rt~) andcanbeignored.Fora detailed

derivationof the structureof the crossingfunction ~ we refer the readerto
section3.

Insertingthesedefinitionsbackinto eq. (2.9) andexpandingup to O(cs~)we

find

daHH
2 = ~[fa~~(Xl)fb~i’2(X2) {da~(x,,x2) + c~5do~I0(x,,x2)}

+ rts {C~’ (x,)fbH2(x2) + faH1(x,)C~2(x2)}da~t?(x,,x2)

dx,dx2. (2.12)

Forsimplicity, we havesuppressedthedependenceon therenormalizationscale
in the couplingconstantandthe factorizationscalein the structureandcrossing
functions.

The crossingfunction receivestwo contributionswhich bothstemfrom the
fact that we considertwo partonsto be unresolvedwhentheir invariant massis
smallerthanthepartonresolutionparameter~ Firstly, we cannotdistinguish
betweenasingleinitial statepartonandapartonwhich emitscollinearradiation
such that the invariant massof the collinear pair is smaller than Smjn. This
implies that part of the initial state collinear radiation is removedfrom the
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hard scattering and absorbed into the effective structure function. Clearly, this
contribution depends on 5mlfl and therefore so do the crossing functions (and
also Fa”). This term is a convolution of faH with the Altarelli—Parisi splitting
function, Pa_,c(Z) [30].

The second contribution arises from crossing a pair of collinear partons with
an invariant mass smaller than 5mifl from the final state to the initial state. In
principleweshouldremovethiscontributionfrom dôa.~°;however,in orderto
preserve the structure of eq. (2.9), we subtract this contribution from the parton
density function. This is possible because we cannot distinguish the two-parton
incoming state with invariant mass smaller than 5min from a single incoming
parton.

Both of thesecontributionsaredivergentandschematically

~f ~“fH (v/)J~ a(~) fah’(V)f d~Fa~(~)
c ~ ~2.l3)

A more preciseformulation of the crossingfunction is given in the next sec-
tion including all d-dimensionalfactors.After massfactorizationthe crossing
function is rendered finite,

C~5~me(X,pF)= (~)[~‘~ log (5rnin/P~)+ B~/scheme(v)].

(2.14)

AlthoughA~~’is schemeindependent,Be” does depend on the mass factorization
schemeandthereforeso doesC~’.Explicit forms for thesefunctionsin the MS
schemearegiven in the next section.

The overall crosssection cannot dependon the unphysicalparameter5mifl~

Whenthe contributionfrom H, + H
2 —i V + (n + 1) partonswhereall partons

areresolvedis included,the
5mjfl in the logarithmis replacedby an energyscale

definedby the experimentalcuts. In anumericalcomputation,onewould also
force the factorization scale to be determinedby the experimentalcuts; the
argumentof the logarithm would then be of 0(1) and the contribution from
A~’ would be small. If this were not true, the logarithm would be large so that

rt~A~’(x) log (E~~~/p~)fe” (x), perturbation theorywould breakdown anda

resummationof the leadinglogarithmswould be necessary.

3. Derivation of the crossing functions

In thissectionwederiveexplicit formulaefor thecrossingfunctionsC~’(x, Pr)

as defined in eqs. (2.9)—(2.l2). First, we derive the initial state collinear phase

space behavior in aparametrizationsuitableforourpartonresolutionparameter.
We thenreformulatethe standardcollinearmatrix elementfactorizationin the
orderedamplitude language.Combiningtheseresultsenablesus to derivethe



W. T. Giele et al. / Higher-order corrections to jet cross sections 64t

universal crossing functions which after mass factorization yield finite crossing
functions.

3.1. THE INITIAL STATE COLLINEARBEHAVIOROF PHASESPACE

First consider the production of a heavy object, Q, by the collision of two

masslessparticles with momentaPa and Ph. The d-dimensionalphasespace
measure,including the flux factor, is given by

~dPd(a+h~Q) = ~ó(5ahQ2), (3.1)
2~ah 2~ah

whereSah = (Pa + Ph )2 Thisextendsstraightforwardlyto theproductionof any
numberof particles(masslessor otherwise)with momentap,,...,p~by useof

the relation

dPd(a +h~l+ ... + n) = dPd(a +h~Q)~dPd(Q~l+ ... + n).
Jr (3.2)

Next considerthe phasespacefor the productionof a masslessparticlewith
momentumPu in associationwith Q from the collisionof two masslessparticles
with momentaPa andPp,

1 d d —(2—d/2)
~dPd(a + p u + Q) = (

2Jr)
2d 5auH5pu~(~5auH5~u~)

X ~dQd
3 ~(5ap — I5au~— Spu~— Q

2), (3.3)

wherewe integrateoverthe invariantmassof Q andthe polaranglewith respect
to Pp by using Sau~and ~ as well as integratingover the (d — 3) azimuthal
anglesrelativeto the directionofp~.

The region wheremomentumPu 1S collinearwith momentumPp 1S definedby

5pu~< 5min~ (3.4)

In this region we introducethe hardmomentumPh~which is the amountof the
parentmomentumPp remainingafter the emissionof the unobservedcollinear
momentumPu suchthat

Ph ZPp, 5ah ZSap,

Pu (1 Z)Pp, 5au~ =(l Z)Sap. (3.5)

In this limit the phasespacefactorizes,

~dPd(a +p u + Q) dP~,(p u + h) ~ ~dPd(a + h Q),
5ap 2~ah (3.6)
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where,taking d = 4 — 2�,we find

dP~2~(pU + h) = 16 ~ )ZdZd~5Pul [U — :)~sp~I]~.(3.7)

The square bracket contains the necessary factors to regulatethe poles in the
matrix elementsin (1 — z) and5pu~

Combiningtheseresultswe find thatin the collinearlimit, the full phasespace
measureof interestfactorizesas follows:

dPd(a+p~u+2+...+n)=dP~,(p~u+h)

x~dP (a+h~2+...+n).

5ah (3.8)

3.2. BEHAVIOR OF MATRIX ELEMENTS

The matrix elementsalso undergoa collinear factorizationwhen one of the
final statepartonsis collinearwith oneof the initial statepartons.Takethe case
wherean initial statepartonp splits into partonsaandh (which participatesin

the hardscattering)as in eq. (3.5); then,for eachorderedamplitude,

,p,u,n,... )~ ~P~uh~( ,h,n,... )~, (39)

where

= ~ (3.10)

Notethat the quantumnumbersof the unobservedparton a are determined by

the quantumnumbersof the parentpartonp andthe hardprocesspartonh.
This is very similar to the factorizationthat occurswhentwo final statepar-

ticles arecollinear. In this case,when parton a (which participatesin the hard
scattering)splits into a final statecollinearpartonpair 1 and2,

A(... ,1,2,... )~ ~2~a~A( ,a,... )~, (3.11)

where

~2—a = ~g2Ni~i
2~a(z) (3.12)

P~= ZPa, P2 = U — Z)Pa. (3.13)

The differentaveragingfactorsfor initial andfinal statequarksandgluonshave
beentakeninto account;however,we do not sumhereoverdifferent flavorsof
quarksparticipatingin the hardprocess.

As before, the splitting functions may be either in the conventional scheme
(all particlesin d dimensions)[301 or in the ‘t Hooft—Veltmanscheme(only
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unobservedparticlesin d dimensions)[26]. In the conventionalscheme,the

splitting functionsaregiven by
Pggg(z) = Pggg(Z) = ~(~z + + z(l —

1 1 \ / 1 \ (l+z2_c(l_z)2
Pqgq(z) = ~1 — Pqg_~q(z)= 2 ~l — 1 — z

1 ‘~ /.2 11 _.\2 \

F- (z) = LP- (z) = ~(L + ~ —� ~. (3.14)
qq g N qq g N~ l—�

For the splitting functionsin the ‘t Hooft—Yeltman scheme, see ref. [261.
Onedifferencefrom purefinal statesingularitiesis thatthe initial stateparton

is always hard—there is always a minimumvaluefor z imposedby demanding
that ahardscatteringtakesplace.On the otherhand, the upperboundon z is
still determined by the requirementthat parton a is collinear but not soft. In
otherwords,s,~>

5min, wheren is the neighboringhardpartonin the ordered
amplitude [seeeq. (3.9)].

For the g —~ gg process,therewill be contributionsfrom two orderedampli-
tudes,

2 2 2
A(... ,in,p,u,n,... ) + A(... ,Fn,u,p,n,... ) A(... ,m,h,n,... )

(3.15)

wherethe orderof the otherhardpartonsin theorderedamplitudeis preserved.
The upper limit on z will be different in each case since the requirementthat
gluon u be unobserved depends on the adjacent momenta. Note that in thefinal
statecase,each ordering countsequally, however, the Bose symmetry factor
takesthis into account.For processesinvolving collinear quarks(antiquarks),
only one orderingwill contribute.Note that only orderedamplitudeswherep

anda areadjacentcontributein thecollinearlimit. If theyare not adjacentas
in eq. (3.15) the collinear limit gives a contributionof the order of the parton
resolutioncut Smin, which is therefore negligible. This property is very useful
sinceit avoidsoverlappingdivergencesfor a given orderedamplitudeandthis
makes partial fractioning to isolate the divergences unnecessary.

3.3. BEHAVIOR OFTHE CROSS SECTION

In thissubsectionwederiveexactexpressionsfor thecrossingfunctionsC~~i’(x)

or,equivalently,the effectivestructurefunctionFe” (x) as defined in eqs. (2.9)—
(2.12).We will considerthe genericprocessof scatteringof partonsa andh to
form anarbitraryfinal statewith aninvariant mass\/~j~(e.g.partonsonly, vec-
tor bosonpluspartons,etc.).Theleadingordercrosssectionfor theproduction
of avectorbosonpluspartonsis given in eq. (2.7).Crosssectionsfor otherfinal
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statesaregiven by similar formulae.The next-to-leadingordercrosssectionis
definedin eq. (2.9),or in its expandedform in eq. (2.12).

The first step in the derivationof the crossingfunction is to considerthe
initial statecollinear radiation contributionto the next-to-leadingorder cross
section.Considerthe splitting of a parentpartonp to a (unobserved) collinear
partonu, anda partonh participatingin the hardscattering:p —~ uh, where the
invariant mass 5pu~<

5min so that this configurationis indistinguishablefrom
the leading order configuration where parton h comes directly from the hadron.
This contributesto the next-to-leadingordercrosssectionandusingeqs. (3.7)
and (3.9) we find

dajnjtja, = ~ faHi (x,) {f H
2 (~,)~~uhdF~,(p a + h) ö (x2 — :~‘ )dv}

ahp

xda.~°(x,,x2)dx1dx2, (3.16)

where, by definition, the momentum fraction x2 carried by parton h is given
by the momentumfraction y of the original partonp multiplied by the energy
fraction remainingafter radiatingthe unobservedpartona. Thereis an implicit
integrationover z containedin the collinearphasespacefactor, see eq. (3.7).
Comparingeq. (3.16)with eq. (2.12) gives the contributionof the initial state
radiation to the crossing function,

sC72initiai (x2) = ~ f

112 (j’ )~~uhdP~
1(p — a + h) ~ (x2 — :j’) dy.

p (3.17)

Using eq. (3.10) and the collinear phase space factor of eq. (3.7) gives

H2 (N~ 1 (4~p2~ 1

Ch initiai~2) = — ~ F(l — �) ~ ~
1 f’~2d~~

x ~ J (1- z)~Phu~p(:)fphl2 (V2/:)
p X2

— (N~ 1 (4Jrp2~ 1

— ~)r(l-c) ~~mjn) �

~ I dz ,,~ j ~f (x2/~)J,)~h(~2), (3.18)
~ Jx~ “

wherewe haveintegratedy over the deltafunction and
5pu usingthe constraint

5pu~< Smin. Herep is an arbitraryscaleintroducedto keepthe strongcoupling
constant rt

5 = g
2p2f/4Jr dimensionlessin d dimensions.The upperboundary

on the integral is determinedby the constraintthat the unobservedparton
a is not soft with respectto its neighboringparton n. In other words, Su,~=

(I — —)~5h~~> 5mm. Explicitly this gives

Z < 1 — Smin/~5hn~= 1 — Z

2. (3.19)
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Note that 5hn is only definedbecauseof the useof the orderedamplitudesand
is differentfor eachordering.

Looking at the definition of the splitting functions,eq. (3.14), we see that
Jqg andJgq do not dependon the upper boundaryon z [up to negligible
correctionsof0 (5mm)]. Thisis due to the absenceof asingularityin thelimit that
the quarkor antiquarkbecomessoft. In contrast,the Jgg andJqq functions
do containa soft singularity, arising from the limit wherethe gluon becomes
soft, andthereforedo dependon z

2. In order to write thesecontributionsto the
crossingfunctionsin the secondform in eq. (3.18), weusethe ( ) + prescription
definedby

/ pl—1
3

(F(z))~ = lirn(O(l—z—fl)F(z)-5(l—z—fl)J F(y)dy
fl 0 3.20)

suchthat
fIz2 (1 )‘+~ = f dz [(1 )~+]~+ (z~_ 1) g(l)

I d~ g(z) — 1~d~ g(z)
Ix - [(l-z)’+~]~ I~ - (l-z)~

_�fdzg(z)(l0l~~) +O(�2),

f’dz g(z) =f’dz~W+g(l)Iog(l_x),
~ (l—z)~ l—z (323)

fdzg(z)(l0)=fdzZ~~Wlog(l_z)

+ ~g(l)log2(l —x), (3.24)

provided that g(z) is a function well behaved at z = 1.
ThefunctionsJp~h arethusgiven by

Jg~g(z,z
2)= (z~_i)d(l - z) + [(1-

+ + z(l — z)’~ + O(Smin),

Jq~q(Z,Z2) = (I — ~){ (z~_ 1) ~(l — z)

1 / l+z
2 ,f\1

+ ~ ~[(l _Z)l+r]+ —cU —z) )J + O(Smin),
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Jq~g(Z,Z2) —~Pgq_q(Z)(l — z)~ + O(Smin),

Jg~q(Z,Z2) ~Fq~g(z)(l — ZY~+ O(Smin). (3.25)

Thenextstepis to correctfor thefactthatwehavecrossedafinal statecollinear
clusterto theinitial state.As explainedin section2 this is doneby subtractingthe
collinearfactor resultingfrom thesplitting h —~ up integrated over the final state
collinearphasespace(seeref. [14] for a detailedderivation).The contribution
to the next-to leading order cross section is given by

daana,= ~ faH1 (x,) {fhH2 (x2)~~hdP~i6nai(h— a +
ahp

x di ~(x,,x2) dx, dx2, (3.26)

giving

ttsC~inai(X2)= fh~~2(x2) ~ dF~16na~(h U + P)

= - (~)1(1 _�~ (~fl) fhH2(x2)~~1pu~h(=,,z2). (3.27)

Note that the partondensity.Sunctionis associatedwith parton h ratherthan
with partonp. The integrationboundariesof the integral are againdefined

through the requirementthat the hardpartonsare resolved.For eachordered
amplitude z1 andz2 are given by demandingthat the invariant massof parton
u with both its neighborsin the particular ordering is larger than the parton
resolutioncut

5mjfl so that a is not soft. In the conventionalscheme,the final
stateintegralsover the splitting functions, ‘pu’h~ aregiven by

1 ‘~2

Ipu~h(ZI,~2) = dz [z(l — z)] ~ (3.28)

where

(z~ + z~—2\ 11 (Jr2 67\ 2
Jgg_,g(Z1,Z2) = ) — + — � + O(� ),

Iqg~q(Z,,Z2)= (1_ ~)[(~~1) - + (~- ~)f~ + O(�2),

Iqq~g(Z1,Z2) = ~ (~+ + O(�~). (3.29)

We can now definethe crossingfunctionas a convolution integralinvolving
the parton density function and a crossing kernel Xp~h(z) which is obtainedby
subtractingthe final statecontributiongiven by eq. (3.29) from the initial state
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contributionsof eq. (3.25),

C~’(x) = C~initiai(X) — C~’
0nai(X)

= ~ [~fH(~v/~)XPh(z) (3.30)
p

wherethe crossingkernelfor specificprocessesis given by

/N\ 1 (47rP2’\~1
Xgg(z) = — F(l —�) ~Smin ) �

~ [Jgg(z,zi) + Jg~g(Z,Z2)

— (Jgg~g(z,,z2) + ~1q~g(0,0))~(l — z)]

/N\ 1 (4irp
2V

= - F(1�) ~ 5mm)

2 ________ (l—~)’~
� [.([(1- ~)‘±~]~ + + z(l - z)1~)

+((2~)-�(c-~+~-~,
67 Snf\6N

/N\ 1 (4Jrp2~
Xq~q(z) = - [(1 _�) ~ Smj~)

~ (jq~q(z, z
2) — Iqg=q(O, z2)~(1— z))

/N\ 1
1~~~2V(l~~)

= -~)F(l-�) ~5min) ~

l11( l+z2
________ - z)x— I — ___________

� [2 [(1 —

/3 ~it2 7
+ ~-� ~_~))o(l _z)]. (3.31)

We seethatthedependenceon theboundariesexactlycancels,making the cross-
ing function independentof the hardprocess.Theothertwo functions,Xg.q (z)
andXqg(z), do not receivecontributionsfrom the final statecrossing,

/N\ 1 (±~±‘~iJg_.q(z,0)

Xg~q(z) = — ~ F(1�) ~Smjn ) �

/N\ 1 (4ip~1,’,~ () (1 —= — F(l —�) ~5mm ) � ~ -
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- (N~ 1 (4mP2Vl~ 0
q~g~ = - ~) E(l -�) ~ ~

— (N~ 1 (4~~2~ 1 (,~ (- I - -(

— ~2Jr)F(l_�) ~Smin ) � ~ gqq ~)( -)

(3.32)

Here,we havereplacedendpointsthatdo notcontributewith a zero [that is, we
havesimply droppedcontributionsof 0 (Smin)].

We havenow derivedthe processindependentcrossingfunctions.They still
containthemasssingularity,which hasto beremovedby the massfactorization
prescription.In fact in thelanguagewe havedevelopedherethe massfactoriza-
tion is donevery easilyas is shownin the nextsubsection.

3.4. MASS FACTORIZATION

The only physical, and therefore finite, quantity associated with resolved par-

tonsis the effectivestructurefunctionF~’(x)asdefinedin eq. (2.11).Conven-
tionally, the partondensityfunction is madefinite by renormalizingthe parton
densityfunctionatthe factorizationscalePF,

.fh(x) =
1h (x,pr) _cvs~f ~J~” (x/z,pF)Rp~h(z,pF)+

x L (3.33)

This is very similar to coupling constantrenormalization.The O(~
5)term is

subsequentlyabsorbedin the crossingfunction,

F~(x) = fh”(x) +

= fhH(x,PF) + cv5C~(x,p~)+ O(cs~), (3.34)

with

C~(x,pF)= ~f ~ (~/~~)(X~~z + R~~h(z,pF)),
X (3.35)

where the massfactorization counterfunctionabsorbsthe divergencesin the
crossingfunctions. Note that the effective structurefunction, .F~’,is left un-
changedby the massfactorizationand is in fact independentof the factoriza-
tion scale.However,for acrosssectioncalculatedat fixed order in perturbation
theory,we haveto expandthe effective structurefunctionsexplicitly andne-
glect termsof O(rt~)as was done in eq. (2.12). This makesthe fixed order

cross sectionfactorization scaledependentsince we haveto neglectthe term
(t~(JLF)C~’(x,,pF)C~2(x2,pF).
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The massfactorizationcounterfunctionsR~hat the factorizationscalePF

aregiven by

/N\ /4~~2\~r 1 1
R5c~~me(Z,pF) = (~-~)(~—~—)F(l—�)�g—’ g

I (llN— 2flf)
15~(1— )6N

+2(
z (1—z)+ +z(l_z)) +�f~me(z)},(l—z)~

/N\ /4Jrp2\~ 1 1 /
Rscheme(z,PF)= ~) ~ E(l_�)EclN2)q—~q

/ 1 + ~ +x{~ô(1_z)+~(1)) q—q

/N\ /4Jrp2\~ 1 1 í
(z) + �fgs~me(z)},= ~) ~—~—)~g—~q ‘.

/N\ /4Jrp2\~ 1 1 (
‘~ (z)Rscheme(Z,PF) = ~ ) F(l — �) ~ gq~qq—’g

(3.36)

wherethefour dimensionalpartofthesplittingfunction isgivenby P6_a(z) and

Pab_,c(Z) is the d — 4 part. The function fSch~me(z)is the schemedependent
massfactorizationterm chosensuch that~ (z) = 0. The strongcoupling
constantin (3.32) is evaluatedat the scalep, which throughcouplingconstant
renormalizationis identified with the renormalizationscale.Otherchoicesof
the scalearepossible,however,providedry~log(u~/p~)<< 1, the differenceis
of 0(cs~)and can be ignored. Indeed, this condition is necessaryin order to
preventthe appearanceof largelogarithms.In practice,PR andPF will usually
bechosenequal,but if theyarenot, the ratio PR/PFshouldbe small.

Combiningthe unrenormalizedcrossingfunctionsof eqs. (3.31) and (3.32)
with the counterfunctionsof eq. (3.36)gives usthefinite, renormalizedcrossing
functionsin the MS scheme,

= ~ [4’(x,pr)log(smmn/~~) + B~~”~(X,pF)
1,h

(3.37)

wherethe arbitraryscalep hascancelledand

=

p

B,,7’~(x,pr)= ~B~(x,pF). (3.38)
p
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The finite schemeindependentfunctionsA~f.h(x, Pr) aregiven by

1~dz 1(1 1N —2flf)~(1—
A~g(X,PF) = J j’H (x/z,PF) ~ 6N

x

z (l—z)
+z(l_:))}~

1~dz
= I ~fq” (x/z,PF) (1 —

/ 1 + ~2

I” dz
AH (v PF) = J — Ig” (x/~~) ~~gU),g—*q

x

1~dz
A~g(X,Pr) = J _fqH (X/~pF) ~Pq~q(z), (3.39)

x

andthe schemedependentfunctionsB~i~(x)by

B”’~(x,pF) = f ~.fg” (x/z,pF)g—*g

f1Jr2 67 log(l —:)\

+ (1/(l-z) -

Z

B”~(x,p~) = f ~fqH (x/z,pF) (1_q—’q

_____ 1
~ (l-z) )~J

B”~(v,p~) = dZ~11 (x/z,pr) {~=g(z)log(l _7) —~g—’q -

B”~(v,p~)= ~fl~fqH (x/z,PF) {~q~qzlog(l -z)-P~ (:)}.gq-~a

(3.40)

With theseformulae we can calculate the crossingfunctions for each set of
given partondensityfunctions.Thesecrossingfunctionsare independentof the
hard process.It is now straightforwardto evaluateA6(x,p~),Bh(x,uF) and
C,1 (x,PF) numerically for a given set of input parton density functions in a



W.T. Giele et al. / Higher-order correctionstojet cross sections 651

1.5 I ~ I 11111111 111111 I 111111’

—A (a)
B
C smin=1 GeV”2

_.__CsminlOGeVA2
1.0 _._._ Csmin=100GeV”2 ,~.

I;

0.5~ //‘ “t”~ti., .s’i~

I.,,

2 - -~ ./‘

~ ~

0.5 I 11111111 I 11111111 I I 1l1lIIJ U lIlI~.

1o~ io’ 1o2 10_i 100

0.8 I Illilli I I 1111111 I IllIlli I lull -
(b)

F smin=1 GeVA2
F smin=10 GeVl~2

06 ———Fsmin=100GeV”2

io~ ~ io’~ io’1 100

Fig. 1. The valencequark density functions(a) A~,B~and C~and (b) .F~and f~as a function
of x for ~iF = 25 GeV. C~and~ areshownfor 5min = 1, 10 and 100 0eV2.

particularscheme.We usethe MS scheme,andin orderto givesomeideaof the
sizeandrelativeimportanceofthecrossingfunctionswe usesetB 1 of ref. [31] as
inputprotonM~partondensityfunctions.Furthermore,wefocuson thecrossing
functionsassociatedwith valenceup quarksandgluons.The distributionsfor
downvalencequarksshowasimilarbehaviorto the up valencequarkswhile the
seaquarksarerelatedto the gluonic distributions.

First, we show the x dependenceof the crossingfunctionsfor valenceup
quarksat a fixed scale Pr = 25 GeV in fig. 1. In order to illustrate the 5mm

dependenceof C
0, threevalues of

5min have beenchosen,Smjn = 1, 10 and
100 GeV2. The first two values are typical of the 5mmn chosenin practicalap-
plications (seesection 4) andare valueswhere the systematicuncertainty in
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Fig. 2. The gluon density functions (a) Ag, Bg and Cg and (b) .Fg and fg as a function of x for

= 25 GeV. Cg and .Fg are shownfor Smjn = 1, 10 and 100 0eV
2.

evaluatingthe crosssectionis of the sameorder as the uncertaintyintroduced
by approximatingthe matrix elementsat small5mm. Although C

0 doesexplicitly
dependon this unphysicalparameter,this dependenceis balancedby a growth
of the bremsstrahlungcontribution to the next-to-leadingcrosssection.Once
this cancellationtakesplace,Smmn is replacedby a scaleof order of the experi-
mentalcuts. For jets with ET ?~ET,mIn ~ 0(15 GeV) and a jet—jet separation

of AR ~ 0.7, this scaleis of order E~~~mIn4R
20(100 GeV2). Thecurveswith

5min = 100 GeV2 arerepresentativeof sucha scaleandgive someindicationof
the contributionto the physicalcrosssection.As shown in fig. la, bothA~and
C~are negativefor somevaluesof x. Although this seemssomewhatstrange,
A~andC~arenot directly interpretableasphysical distribution;only the com-
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Fig. 3. Thevalencequarkdensity functions (a) A~,B~and Cu and (b) .F~andf~as a function
of the factorizationscale Pv in GeVfor x = 0.05, C~and ~ are shownfor 5min = 1, 10 and

100 0eV2,

pletenext-to-leadingordercrosssectionas definedin eq. (2.12) is expectedto
be positive (so long as higher-ordercorrectionsare not too large). It is worth

notingthatalthoughA
0 andB~~utSareroughly similar in size,the contributionof

Au to C0 is enhancedby log (Smmn//L~)whichcan belarge.Therefore,particularly
for smallSmin, the shapeof Cu is dictatedby the schemeindependentfunction
Au, while B~is only importantas

5mjfl —~
1u~.As mentionedearlier,amorephys-

ical quantity is the effective structurefunction F~definedin eq. (2.11). This
is shownin fig. lb for the samethreevaluesof

5min as is the ordinaryparton
densityfunction f

0. We seethatat largex, F0 is enhancedrelativeto f0, while at
smallx thereis adepletion.Furthermore,as

5mjn —p /j~,F~approachesf~.Note
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Fig. 4. The gluon density functions (a) Ag, Bg and Cg and (b) .Fg and /~as a function of the
factorization scale/

1F in 0eV for x = 0.05. Cg and Jig areshownfor 5mifl = 1. 10 and 100 GeV2.

that for very small factorizationscalessuchthat /.i~ < 5min, then F
0 is depleted

at largex andenhancedat smallx.
Figure 2 showsthe x distribution for the gluonic crossingfunctions.These

crossingfunctionsreceivecontributionsfrom bothg —~gg andq —~gq splitting
functions, and,due to the soft gluon poles that are present,Ag and Bg both
grow at small x. As a consequence,Cg is negativein this region. However,for
large

5min, thereis a significant cancellationbetweenAg andBg so that Cg iS

less singular. This is reflected in fig. 2b, where Fg and fg are shown for the
gluon.At smallx thereis a dramaticsofteningof thegrowth of thegluon density
function.Thisdepletionis entirelyconsistentwith thedepletionof theup valence
distributiondiscussedabove.Similarly, at largex, thereis asmallenhancement.
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It is also instructiveto studythe scaledependenceof the crossingfunctions.
Thisdependenceis presentin theinputpartondensityfunctionsandhenceA and
B andthrough the log(smmn/p~)factor multiplying A in eq. (3.37). F contains
an additional Pr dependencefrom the strong coupling constantevaluatedat
the factorizationscale,which we taketo be equalto the renormalizationscale.
Figure 3 showsthe Pr dependencefor the up valencedensity functionsat x =

0.05. A0 is a slowly decreasingfunction, much smallerthan B0 while both A0
andB~are positive for Pr < 1000 GeV. As a consequence,for

5mjfl < p~,Cu
is relatively small dueto a cancellationbetweenthe two terms.This is not the
casefor smaller scaleswhereC~canbe quite large. Figure 3b againshowsthe

ordinarypartondensityfunction f~with the effectivestructurefunction F
0.For

large PF, where C0 is small, f0 andF0 arevery similar in size, while at small
scaleswecan seeverylarge differences.

The scaledependenceof the gluonic crossingfunctions is shown in fig. 4.
Unlikethe up valencequarkcase,Ag becomesnegativeat a scaleof PF = 7 GeV.
As aconsequence,Ag and the ratherlarge Bg combinetogethercoherentlyto
form Cg which growslogarithmicallyatlarge scales.Furthermore,the effective
structurefunction Fg is always significantly larger than the ordinary parton
densityfunction fg.

4. Applications

We turn next to the constructionof an example of a next-to-leadingorder
crosssectionsfor jet productionat hadroncolliders.Let us focuson the process

(4.1)

for which the lowest ordermatrix elementis given by

Mv(Qi; 1,... , n;Q2~P)= S4(Qi; 1,... , n;Q2)V
4. (4.2)

HereV4 representseitherthevectorbosonpolarizationvector,theleptoncurrent
which createdthe vector boson,or the leptonic decay productsof the vector
boson, while S

4 is the hadron current.Both currentsdependon the particle
helicities,which we suppressthroughout,andthe particlemomenta,which we
denoteby P for the vectorboson, Q~,Q2 for the quarksandK,,... , K~for the
gluons. Thesemomentasatisfy the momentumconservationrelation

(4.3)

In addition, the hadroncurrent dependson the colorsof the gluonsa1,... , a~
andthe quarksc1,c2.

ThehadroncurrentS~maybedecomposedaccordingto the differentallowed
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colorstructures[6—8],

S4(Q,; 1 Q2) = ieg~ ~ (Ta!... Tdl*)cc254(Qi; 1,... ,n;Q2),
P(1 n) (4.4)

whereS~representsthe colorlessorderedamplitude in which the gluons are
emitted in an orderedway from the quark line. Note that the prefactorasso-
ciatedwith eachS4 is also orderedaccordingto the color of the gluons. These
color factors form a completebasis and thereforeeachS4 is gauge invariant
with respectto the gluons.Although the full hadroncurrentS~is invariantun-
der permutationsof the gluons, the orderedamplitude is not. This propertyis
recoveredby summingthe orderedamplitudesover the n! gluon permutations
P(l,... ,n).

Oneadvantageof usingthis color decompositionis that the squaredmatrix
elementssummedover helicitiesandcolorshaveavery systematicstructure,

Mv~
2= ~

4V~~
2= e2 (~g2N)~ (N2~1) [~ S

4V~~+ 0 (k)]
P(1 n)

(4.5)

where n ~ 1 counts the numberof gluons. On the right hand side, we have
expandedin thenumberof colors.Thetermssubleadingin the numberof colors
arerelatedto matrix elementswith abeliancouplings.Forexample,whenn = 2,

~4(Qi; l,2;~2)V4~
2= e2 (~g2N)2 (N2 1)

x ~ 5
4(Q,; l,2;~2)V~~-- ~ , (4.6)

P (l,2)

where

S4(Q11,2;Q2)=S4(Q,;l,2;Q2)-j-54(Q,;2,l;Q2), (4.7)

andthecontributionfrom thetriplegluonvertexdropsout. The Feynmangraphs
contributing to S4(Qi; l,2;Q2) are thereforethosefor V —~ q~j+ 2y or V
q~j+ g + y.

The orderedamplitudesalso have special propertiesin the soft gluon or
collinearpartonlimitswhichallow usto isolatethesingularregionsusingthepar-

ton resolutionparameterSmin [18, 141. Thesedivergencesare proportionalto the
lowest order squaredorderedamplitudesasare the virtual divergences.There-

fore we can combinethem directly and,due to the Kinoshita—Lee—Nauenberg
[28,29] theorems,obtain a finite result after the usualcoupling constantrenor-
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malization.The finite next-to-leadingordermatrix elementscanbe written

= e2 (~g2N)~(N2~1)

x ~ [IC(Q~l~... ,n;~2)~S4(Q,;1,...,n;~2)V~~
PU n)

+F~Q,;1,... ,n;~2)+ 0 (l/N2)], (4.8)

whereF(Q,; 1,... , n;~2)is the finite contributionfrom the virtual graphs.The

dynamicalorderedIC factor is given by

,Q2) = (rts(J4)N)

x [~{_log2 (~SijI/Smin) + ~ (6(sij) -

3 3 67n—9 Sflflf
+ ~1og(~sQ1(/smmfl)+ 4.log(~s~~I/smmn)+ 18 — 9N

+ rts(p~)bonlog (P~/Smin)+ O(�) + O(Smin), (4.9)

wherethe sumrunsoverall (n + 1) color-connectedpairs, thatis, ii = Q, 1, 12,
nQ2, andwhereb0 is the one-loopcoefficient of the QCD beta function.

Note that AC(Q1 1,... , n;Q2) dependsexplicitly on the parton resolution pa-
rameterSmjn. The renormalizationscalePR is the scaleat which the MS counter
term is subtracted.For vectorbosondecayall s,j > 0 so that 9 (so) = 1. How-
ever,whenwe crosspartonsinto the initial statethis will no longerbetrue and

it is necessaryto maintainthe explicit analytic continuationsof the log
2 terms.

Up to this point, we havecontinuedbothmatrix elementsandphasespaceinto

d = 4 — 2� using dimensionalregularization. In eq. (4.9), we now seethat
all singularitieshavecancelledexplicitly and we may thereforetakethe four-
dimensionallimit. This meansthat the squaredorderedamplitudes, 54 V4~2,
may be evaluatedin four dimensionsandnot in d dimensions,thus simplify-

ing the calculation dramatically. Similarly, it is not necessary to extend the jet
algorithmto d dimensionsas in the work of Ellis, Kunszt,andSoper [21].

Keepingall ordersin thenumberof colorspresentsno problems.Forexample,
the effectivematrixelementsfor V —~ q~j+ 2g at next-to-leadingorderaregiven
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by

2 2/AT
2

S V4~ = e2 (ig2N) ~ —

x [ (IC(Qi; l,2;~2)—~IC(Qi;~
2)) S4(Q~l,2;~2)V4~

P(1,2)

-~ (IC(Qi; l;Q2) + IC(Q12;Q2) - (i + ~)IC(Q~Q7))

S4(Q,;i,~~2)V4~]+F(Q;l,2;Q2), (4.10)

whereIC(Q,;Q2), IC(Q,; l;Q2) andfrC(Q,; l,2;Q2) are given by eq. (4.9) with
n = 0, 1 and2, respectively.

4.1. H1112 —, V + 0 JETS

As a first applicationof 2.12 andthenext-to-leadingordercrossingapproach,
let us consider the production of a vector boson in hadron-hadron collisions
followed by the decayof the vectorbosonin the absenceof jets. The relevant
parton-levelprocessesare

(4.11)

along with the bremsstrahlungprocesses

— V + g, qg — V + q, g~— V + ~, (4.12)

for which the genericcrosssectionis given by

daa6(xi,x2)= ~ Ma�~
2dP(ab — V + 0, 1 partons). (4.13)

2 5a6

The spin and color averaging factors, ~1~ab,aregiven by

1 1
= ~‘ ~qg = ~gq = 4N(N2—1)’ ~gg = 4(N2— l)2~ (4.14)

The lowest ordermatrix elementsfor theseprocessesare relatedto thosefor eq.
(4, 1) with n = 0 and 1 throughthe usual crossingrelations.In otherwords, the
momentaandhelicity of crossedparticlesare reversed.For example,

,~
2~P)~

2= Mv(Q

1l ,...,n;—Q,~—P)~,(4.15)

Mqg(Q,; 1, Q2~P)~= —~.~v(Q,;—l ~ — P)~(4l6)

An explicit form for thesematrix elementsand hence S11(Q1Q2)V4~
2and

S,~(Q,; I: Q
2) V°~

2usingspinorlanguageisgiven in appendixA of ref. [14]. Full
detailsof how crossingaffects the spinorsare given in appendixE of ref. [32].



W. T. Giele et al. / Higher-ordercorrectionsto jet cross sections 659

At next-to-leadingorder,thefinite effectivematrix elementsfor eq. (4.1) with
n = 0 aregiven by

Mv(Q,;Q2~P)~= e
2N (1_

x [IC(Qi;~
2)~s4(Qi;~2)V4~

2+ F(Q,;Q
2)1, (4.17)

where,becauseof our choice for the assignmentof the finite piecesbetweenIC
andF,

F(Q1Q2) = 0. (4.18)

ThedynamicalIC factor is givenby eq. (4.9) with n = 0. Becauseof eq. (2.12),
we maycrossthis in exactlythe samemanneras the treelevel matrix elements
of eq. (4.15). The only subtletyis in the analyticcontinuationof the log

2 terms
in IC which we havewritten out explicitly in eq. (4.9).

It is now straightforwardto constructa MonteCarlo programto evaluatethe
fully differentialcrosssectionnumerically.In particular,thevectorbosondecays
areeasily included,which allows experimentalcuts to be placeddirectly on the
observedleptons.It is important to note that the phasespace is restricted to
regionswhereall partonsare resolved.In otherwords,anypair of partonsmust
havean invariant masslargerthanthe parton resolutionparameter,~ > ~

Whatthismeansin practicaltermsis thatthebremsstrahlungcontributionto the
crosssectiongrowsaslog2 (5mm). This is balancedby theexplicit — log2 (5mm) in
IC suchthat the totalcrosssectionshouldbe independentof theunphysical~mmn

provided(a) that Smin is small enoughthat the soft andcollinearapproximations
arevalid and(b) that 5mmn is notsosmallthat thenumericalcancellationbetween
thetwo contributionsbecomesunstable.Figure 5 showsthat the0 (rt~) W + 0jet
or 12 ± + Ernissing + 0 jet crosssectionis essentiallyindependentof5min overa wide
rangeOf Smin. In general,onewantsto choosethelargest5mjfl possible,to minimize
the running time of the program. In this case,a reasonablevalue to chooseis
Smjn = 10 GeV2. (Onemustbe careful to note that for certain distributions,
in particularinfrared-sensitiveones,a smallerSmjn might be requiredfor some
valuesof the relevantkinematicvariables.)

Onequantityof interestis thedependenceof theW + Ojet crosssectionon the

choice of experimentalcuts.In principle, including higher ordersmimics more
accuratelythecorrectdependence.At leadingorder, with “standard”CDF cuts,

o(W + 0 jets) = 0.78~~ nb. (4.19)

This doesnot dependon thejet defining cut, ~ sinceat leadingorderthere
is no partonin thefinal state.At next-to-leadingorder,this is no longertrueand
in fig. 6 we showthe next-to-leadingorder W + 0 jet crosssectionasa function

of E~jnfor the samerangeof scales.As E~
1~becomeslarge,this cross-section

approachesthe inclusiveW crosssection.
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Fig. 5. The
5m15 dependence of the W+ 0 jet cross section for “standard” CDF cuts;

~‘ 15 GeV, E1
11 ~ 20 0eV, E~

0’~ > 20 0eV,
17J*t~ ~ 2, ~ ~ I and a jet cone size

AR = (A~
2+ A172) /2 ~ 0,7. The structurefunctions are set B! of ref. [311 while the fac-

torization and renormalization scales are JLF = = Mw. For input parameterswe choose
= 80 0eV, f’~= 2 0eV, sin2 O~= 0.23 and (!s(SIu) = 0.1108.

~02~0~50

ETmin

Fig, 6. The NLO W + 0 jet cross section as a function of the Jet defining cut ~ for

JLF = PR = 2Mg, .i.I~and M
5/2.

4.2. H1H2 —~ V + I JET

We now turn to vector boson production in associationwith a singlejet.
As before, the structureof the next-to-leadingcrosssectionis describedby eq.
(2.12):however,the contributingpartonlevel processesinclude both thoseof
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eq. (4.12) as well as

q~— V+q~, q~— V+gg, qg— V±qg, g~— V+g~, gg— V+q~.

(4.20)

Asbefore,the lowestordermatrixelementsfor eq. (4.20)areobtainedby cross-
ing the matrix elementsgiven in appendixA of ref. [141.

The finite next-to-leadingorder matrix elementsaregiven by

Mv(Q,; l;Q2~P)~= e2 (~g2N)(N
2~1)

x [(IC(Qi; l;Q
2) - ~IC(Q1Q2)) S4(Q,; l;Q2)V~~

+ F(Q,; l;Q2)]1 (4.21)

whereIC(Q,; l;Q2) is givenby eq. (4.9) with n = 1. The finite oneloop con-

tributionsaregivenby eqs.(A.42)—(A.46) of ref. [14]. Once again,it is trivial
to crossboth IC and 1S4(Q,; l;Q2)V41

2. However,somecaremust be takenin
crossingF since,althoughcrossingthehelicity structurein eq. (A.43) is straight-
forward, thecoefficients s~,fl

t andô~in eq. (A.44) areexpressedin termsof the
functionR(x,y) (eq.A.45),whichhasbeenwritten assumingthat0 ~ x,y ~ 1.

For crossedprocessesthis is no longer true. For example,when

x<0,y<0, (4.22)

in which case

R(x,y) = —~log
2(l—x) — ~log2(l —y) +

—Li
2 ( 1 ~ — Li2 ( ~. (4.23)

~1—xj ~l—yj

Alternatively, if

x<0,y>l, (4.24)

then

R(x,y) = —~log
2(1—x) + ~log2(y) + log (~l) log(y) +

—Li
2 (__1__~+ Li2 (~. (4.25)

\l —XJ \yJ

We havecheckedthatcrossedfinite virtual contributionsagreewith the results
of Gonsalveset al. [20] whenthe vectorbosondecaycurrent is replacedby its

polarizationvector.
With thesecrossedmatrix elements,we canconstructa Monte Carlo program

to numerically evaluatethe fully differential vector boson plus onejet cross
sectionat next-to-leadingorder. As before, the vector bosondecaysareeasily
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Fig. 7. The
5mIfl dependence of the W + I jet cross section for “standard” CDF cuts. The

structurefunctionsare set BI of ref. [31] while the factorization and renormalizationscalesare

PR = M~.

included,which allows experimentalcutsto be placeddirectly on the observed
leptons.TodemonstratethattheW + 1 jet crosssectionis essentiallyindependent
of the unphysicalparameter~mmn,fig. 7 showsthe 0 (~)W + I jet crosssection
as a function of Smmn. ForSmmn in the range 1—10 GeV2, the crosssectionis not
dominatedby systematicerrors anddoesnot dependon Smjn. Wethereforeset

5min = 10GeV2as in the W + Ojet case.
An important issue in W + jets eventsis the significanceof correctionsto

leading order results.For mostquantities, radiativeeffectsshould be small so
that we can rely on leadingorder to describethebasicfeaturesof the dataeven
thoughthe overall normalizationof the crosssectionis uncertain.Oneof the
most fundamentaldistributions is the jet transversemomentumdistribution
which is shown in fig. 8.

For the leading order results we choosetwo renormalizationscales,PR =

Mw/2 and the total invariant massof the event, PR = ~/2. The first scaleis
the smallestscale available and generatesthe hardesttransversemomentum
distribution while thesecondscaleis the hardestscaleavailableandleadsto the
softest transversemomentumspectrum.The band definedby thesetwo scales
representsthe rangeof leading order predictions.The factor 1/2 is presentin
thechoiceof scaleso that the correspondingtotalcrosssectionsat leadingorder

(0.117 nb and0.106nb) arecloseto, andbracket,thenext-to-leadingorderresult
of 0.113nb, which is essentiallyindependentof the renormalizationscale (here
takento be Mw). As canbe seenin fig. 8, the next-to-leadingorder distribution
is somewhatsofter than the leading order results.In fact it is evensofterthan
leadingorder with the largestscale.This implies that the standardjet algorithm
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Fig. 8. The O(css)and O(u~)jet andW bosontransversemomentumdistribution for “standard”
CDF cuts.

doesnottakeinto accountan importanteffect, therebyleadingto largeradiative
effectsfor hightransversemomentumjets.

From a physicalpoint of view, it is clear why the spectrumsoftensmore
dramaticallythancanbe expectedfrom leadingorderwith thestandardjet algo-
rithm.For hightransverseenergyjets,the accompanyingsoft radiationincreases
with the energyof thejet. Therefore,with a fixed transversemomentumcut (in
this caseE~~mn= 15 GeV), it is easierfor the soft radiation in the eventto
fluctuateso that it passesthe minimum transversemomentumthresholdand
subsequentlybecountedasanextrajet. Sincewe are looking at the exclusivejet
crosssectionthis eventwill be removedfrom the W + 1 jet crosssectionand
addedto the W + 2 jet crosssection.This effectgetsmore severewhenthejet
transverseenergygetslarger leadingto adepletionof the W+ 1 jet crosssection
anda softeningof the transversemomentumdistribution.At leading order this
effect isnot modelledat all becausetheleadingorderpredictionassociatesall the
energywith thejet andallows no soft radiationoutsidethejet cone.In contrast,
at next-to-leadingorder the hadronicenergyaroundthe jet coneis modelled,
allowing the generationof softer jets within the tail of high transverseenergy
jets.

Froma moremathematicalpoint of view, it is alsoclearwhat happensin the
exclusivejet crosssectionwith high transversemomentumjets.From eq. (4.9),
wecanseethat the high transversemomentumjetsgeneratecorrectiontermsof

order—~ log(E~t/E~~~),which becomelargeif theE~tis muchlargerthanthe
minimal transverseenergy.This is undesirablesince it implies large radiative
effects which are dueentirely to the jet algorithm itself. In principle, the jet
algorithmshouldminimize theseeffectsin orderto be able to comparetheory
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Fig. 9. The ratio of next-to-leadingorderto leadingorderjet transversemomentumdistributions
for a fixed E),~t. = 15 0eV cut and for a scaledE~t. = max(15 0eV, 0.1 >< cut as a

function of thejet transversemomentum.

with experiment.
Thisrequiresaslight modification in thejet algorithm.By scalingtheminimal

transversemomentumcut with the hardnessof the event (e.g. summedscalar
energiesor total invariantmass),weallow the hardjets to radiateaccompanying
soft energywithout generatingadditionalsmalljets. That is, we allow thejet to
“vent” its energywithout producinga large numberof soft jets. Eventswhich

formerlycontainedW + 2 jets whereone of the jets is relatively soft arenow
countedas W + 1 jet events,thus increasingthe W+ 1 jet crosssectionat high
transversemomentum.Forexample,by demanding~ = A ~ thecorrection
termis —Q5log(2)wherewe can now choosethe constantA andthuscontrol the
sizeof the corrections.

To demonstratethis effectwe showin fig. 9 the factorwith which we needto
multiply the leadingorder distribution (with PR = ~?/2)to obtain the next-to-
leadingorderresult.For fixed E~jn,we seea sizeablecorrectionthat depends

stronglyon the jet transverseenergy. However, if we takea scaling E1~’I~In=
max(l5 GeV, 0.1 ~/i), we get a result very closeto leading order with only a
smallenhancementfor soft transverseenergyjets. For thehigh transverseenergy
jets the next-to-leadingorderprediction is well describedby the leading order
result.

5. Conclusions

The main theme in this paper is the extensionof the general method of
ref. [14], for dealingwith final statecollinearand infrareddivergences,to in-
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eludepartonsin the initial state.For final statepartons,the soft andcollinear
divergencesfrom thebremsstrahlungprocessareisolatedusinga partonresolu-
tion parameterSmin. Thesedivergencesareproportionalto lowestordermatrix
elementsand can be combineddirectly with the divergencesfrom the virtual
graphsto give a finite crosssection,eq. (2.4), which dependson a dynamical
IC factormultiplying the lowestorder term,alongwith a finite oneloopcontri-
bution F. In order to extendthis to incorporateinitial statepartons,we have
extendedthe tree level conceptof crossingto next-to-leadingorderprocesses.
This is achieved(a) throughthe analyticcontinuationof the dynamicalfactor
IC (eq.4.9) andthe finite oneloop contributionF (seesection4) into thephys-
ical region and (b) through the introduction of universal crossingfunctions,
eq. (2.13), which are essentiallyconvolutionsof the structurefunctionswith
the Altarelli—Parisi splitting functions.Together,IC, F andC(x) form a set of
finite building blocks with which one can calculatenext-to-leadingorder cross

sections.This is summarizedin eq. (2.12);becausethe orderedfactorizationof
the soft polesandthe factorizationof the collinearpolesis independentof the
hardprocess,this equationrepresentsthe generalcrosssectionfor any hadronic
process.

As an explicit exampleof this method, in section4, we havetakenthe next-
to-leadingorder matrix elementsrelevant for ee+ — 2,3 and 4 partons[14]
and crossedtwo of the partonsinto the initial stateto obtain the crosssection
for

p~—W~Z+0,ljets~U+0,ljets, (5.1)

at next-to-leadingorder.The phasespaceis evaluatednumericallywith thecon-

straint thatall s,11 >
5min andall final statelepton correlationsareretained.This

makesit possibleto implementjet algorithms,detectoracceptanceeffects, and
otherconstraintsnumerically,yielding a very flexible MonteCarlo programas
we discussedin section4. Oneshouldverify that thecrosssectionis independent
of theunphysicalparameter5mjn ForourMonteCarlosimulationsthisis indeed
the case,seefigs. 5 and 7.

It is important to note that throughoutthis paperwe havediscussedcross
sectionsthatareexclusivein thenumberof jets.As a result,we are interestedin
calculatingthe W + 0jet crosssection,ratherthanthe inclusiveW crosssection,
which can only be identified with the W + 0 jet crosssectionas the mimimal
transverseenergycut of thejet becomesverylarge.Similarly, we studytheW + 1
jet crosssectionratherthan the transversemomentumdistribution of the W
boson,which is not directlymeasurable.As shown in fig. 8, thisis not the same
as thejet transversemomentumdistribution at next-to-leadingorder. At large
E4~’,thenext-to-leadingorderjet p

0 distributionis significantlysoftened.This is
becausethe existingjet algorithmgeneratesanartificially highjet multiplicity in
eventscontainingaveryhardjet by restrictingthe hadronicradiationaroundthe
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primaryjet in the exclusivejet crosssection.By modifying thejet algorithmas
describedin section4, theselarge radiativeeffectscan be removed.A detailed

study of the implicationsof next-to-leadingorder correctionsto vector boson
production in associationwith 0, 1 jets at Fermilab energiesis currently in
progress[33,34].

The methodwe havepresentedhere considerablysimplifies the structureof
next-to-leadingorder QCDcorrectionsto hadronicprocesses.It also makescom-

parisonwith experimentmore direct through the use of Monte Carlo simula-
tions. Once technical problemsassociatedwith five point loop diagramsare
solved,it shouldbe possibleto usethesemethodsto computeprocessessuchas
ee~— 4 jets, its crossingp~5— W~Z + 2 jetsandp)5 — 3 jetsat next-to-leading
order. Thesemultijet crosssectionsare importantfor experimentsat LEP and
Fermilabbecauseeventratesare high andcan be studiedin greatdetail.

W.T.G is happy to acknowledgefinancial supportfrom the TexasNational

ResearchLaboratoryCommission.E.W.N.Gwould like to thank the Fermilab
Theorygroupfor their kind hospitality.Wearegratefulto Eric LaenenandKeith
Ellis for stimulatingdiscussionsandfor providing a FORTRAN routine for the
evaluationof the strongcoupling constant.We also thank the Fermilablattice
group for providing uswith computertimeon the FermilabACPMAPSparallel
machine.

References

[1] D. Amati and 0. Veneziano,Phys. Lett. B83 (1979) 87:
0. Marchesini,L. Trentadueand 0. Veneziano,NucI. Phys.B181 (1981) 335;
Y.I. Azimov, Y.L. Dokshitzer,V.A. Khoze and SI. Troyan, Z. Phys.C27 (1985) 65

[2] H. Baer, V. Bargerand R.J.N. Phillips, Phys.Rev. D39 (1989) 3310:
W.T. Giele and W.J. Stirling, NucI. Phys.B343 (1990) 14;
F.A. Berends,J.B. Tauskand W.T. Oiele, Phys.Rev. D47 (1993) 2747

(3] B.L. Combridge.J. Kripfganzand J. Ranft, Phys. Lett. B70 (1977) 234;
R. Cutler and D. Sivers, Phys. Rev. Dl 7 (1978) 196;
T. Oottschalkand D. Sivers, Phys. Rev. D21 (1980) 102;
Z. Kunszt and E. Pietarinen,NucI. Phys. B164 (1980) 45:
F.A. Berends,R. Kleiss, P. deCausmaecker,R. Gastmansand T.T. Wu. Phys. Lett. B103
(1981) 124;
J.F. Gunion and Z. Kunszt, Phys. Lett. B159 (1985) 167; B176 (1986) 163:
Z. Kunszt,Nucl. Phys. B271 (1986) 333;
J.F. Gunion and J. Kalinowski, Phys.Rev. D34 (1986) 2119;
S.J. Parkeand T.R. Taylor, NucI. Phys. B269 (1986) 410; Phys.Rev. D35 (1987) 313;
F.A. Berendsand W.T. Giele, NucI. Phys.B294 (1987) 700;
M. Mangano,5.J. Parkeand Z. Xu, NucI. Phys. B298 (1988) 653; B299 (1988) 673;
F.A. Berends, W.T. Giele and H. Kuijf, Phys. Lett. B232 (1989) 266: NucI. Phys. B333
(1990) 120;
F.A. Berendsand H. Kuijf, Noel. Phys. B353 (1991) 59

[4] R. Kleiss and W.J. Stirling, NucI. Phys.B262 (1985) 235;
K. Hagiwaraand D. Zeppenfeld,Nucl. Phys.B313 (1989) 560:



W. T. Giele et al. / Higher-order correctionstojet crosssections 667

F.A. Berends,W.T. Giele and H. Kuijf, Nucl. Phys. B321 (1989) 39;
FA. Berends,W.T. Giele, H. Kuijf and B. Tausk,Noel. Phys. B357 (1991) 32

[5] P. deCausmaecker,R. Gastmans,W. Troost and T.T. Wu, Phys. Lett. B105 (1981) 215;
R. Kleiss, Nuel. Phys. B24l (1984) 6!;
F.A. Berends,PH. Daverveldtand R. Kleiss, NucI. Phys. B253 (1985) 441;
J.F. Gunion and Z. Kunszt, Phys. Lett. B161 (1985) 333;
Z. Xu, D.H. Zhang and L. Chang,Nuel. Phys. B291 (1987) 392

[6] F.A. Berendsand W.T. Giele, Nucl. Phys. B294 (1987) 700
[7] M. Mangano,S.J.Parkeand Z. Xu, Nucl. Phys.B299 (1988) 673
[8] D. Zeppenfeld,Int. J. Mod. Phys.A 3(1988) 2175
[9] F.A. Berendsand W.T. Giele, Nuel. Phys.B306 (1988) 759

[10] J.G.M. Kuijf, Ph.D. thesis,Leiden (1991)
[11] See,for example,CDF Collaboration, F. Abe et al., Phys. Rev. D45 (1992) 1448
112] H. Baer,J. OhnemusandJ.F. Owens,Phys.Rev. D40 (1989) 2844; Phys.Lett. B234 (1990)

127; Phys.Rev. D42 (1990) 61
[13] F. Aversa,P. Chiappetta,M. Greco and J.Ph.Guillet, NucI. Phys.B327 (1989) 105; Phys.

Rev. Lett. 65 (1990) 401; Z. Phys.C46 (1990) 253; C49 (1991) 459
[14] W.T. Giele and E.W.N. Glover, Phys. Rev. D46 (1992) 1980
[15] R.K. Ellis, D.A. Rossand A.E. Terrano,Noel. Phys.B178 (1981) 421
[16] Z. Kunsztand D.E. Soper,Phys. Rev. D46 (1992) 196
[17] M. Mangano,P. Nasonand0. Ridolfi, Noel. Phys.B373 (1992) 295
[18] M. Manganoand S.J. Parke,Proc. Int. EurophysicsConf. on High EnergyPhysics,Uppsala

(1987);
F.A. Berendsand W.T. Giele, Noel. Phys. B313 (1989) 595

[19] P. Arnold andM.H. Reno,Noel. Phys.B319 (1989) 37
[20] R.J. Gonsalves,J. Pawlowski and CF. Wai, Phys. Rev. D40 (1989) 2245
[21] S.D. Ellis, Z. Kunszt and D.E. Soper, Phys. Rev. D40 (1989) 2188; Phys. Rev. Lett. 64

(1990) 2121
[22] H. Baer and M.H. Reno, Florida State report FSU-HEP-901030(1990)
[23] S.D. Ellis, Z. Kunsztand D.E. Soper,Phys. Rev. Lett. 69 (1992) 1496
[24] WA. Bardeen,A.J. Buras,D.W. Duke andT. Muta. Phys.Rev. Dl8 (1978) 3998
[25] DR. Yennie, S.C. Frautsehiand H. Suura,Ann. Phys. 13 (1961) 379
[26] 0. t Hooft and M. Veltman, Noel. Phys.B44 (1972) 189
[27] CO. Bollini and J.J. Giambiagi,Phys. Lett. B40 (1972) 566;

J.F. Ashmore,Nuovo Cim. Lett. 4 (1972) 289
128] T. Kinoshita, J. Math. Phys.3 (1962) 650;

T.D. Lee and M. Naoenberg,Phys. Rev. 133 (1964) 1549.
[29] G. Sterman,Phys.Rev. D17 (1978) 2773, 2789
[30] 0. Altarelli and 0. Parisi, Noel. Phys. B126 (1977) 298
[31] JO. Morfin and W.K. Tung,Z. Phys. C52 (1991) 13
[32] F.A. Berends,W.T. Giele and H. Kuijf, Noel. Phys.B321 (1989) 39
[33] W.T. Giele, E.W.N. Glover and D.A. Kosower,Fermilabreport FERMILAB-Conf-92/2l3-T

(1992)

[34] W.T. Giele, E.W.N. Glover andD.A. Kosower,Implicationsof radiativecorrectionsto lepton
productionat the Fermilabcollider, Fermilab report FERMILAB-Pub-92/229-T (1992)


